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a b s t r a c t
In this paper, a novel method is proposed for solving nonlinear singular fourth order
four-point boundary value problems (BVPs) by combining advantages of the homotopy
perturbed method (HPM) and the reproducing kernel method (RKM). Some numerical
examples are presented to illustrate the strength of the method.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, we consider the following nonlinear singular fourth order four-point boundary value problems:
a0(x)u′′′′(x)+ a1(x)u′′′(x)+ a2(x)u′′(x)+ a3(x)u′(x)+ a4(x)u(x)+ g(x, u) = f (x), 0 < x < 1,
u(0) = 0, u(α) = 0, u(β) = 0, u(1) = 0, (1.1)
where α, β ∈ (0, 1), ai(x), i = 0, 1, 2, 3, 4, f (x) ∈ C[0, 1], g(x, u) is a nonlinear function of u(x), and maybe a0(0) = 0 or
a0(1) = 0. That is, the equation may be singular at x = 0, 1. We consider u(0) = 0, u(α) = 0, u(β) = 0, u(1) = 0 since
the boundary conditions u(0) = γ0, u(α) = γ1, u(β) = γ2, u(1) = γ3 can be reduced to u(0) = 0, u(α) = 0, u(β) = 0,
u(1) = 0.
Multi-point boundary value problems arise in various areas of applied mathematics and physics. Two-point boundary
value problems have been extensively studied in the literature. Also, the existence and multiplicity of solutions of fourth
order four-point boundary value problems have been studied by many authors; see [1–8] and the references therein.
However, the research for methods for solving multi-point boundary value problems has proceeded very slowly. Geng [9]
proposed a method for a class of second order three-point BVPs by converting the original problem into an equivalent
integro-differential equation. Geng and Cui [10] presented a method for solving nonlinear multi-point boundary value
problems by combining homotopy perturbation and variational iteration methods. Dehghan and Tatari [11] used the
Adomian decomposition method for solving multi-point boundary value problems. However, for numerical methods for
solving singular multi-point BVPs, few works are available. Li and Wu [12] introduced the reproducing kernel method for
solving linear singular fourth order four-point BVPs.
In this paper, we will give the analytic approximation of nonlinear singular fourth order four-point boundary value
problems (1.1) by combining HPM and RKM for solving linear singular fourth order four-point BVPs presented in [12].
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Reproducing kernel theory has important applications in numerical analysis, differential equation, probability and
statistics and so on [9,10,12–25]. Recently, Cui, Geng, Lin and Chen have presented RKM for singular linear two-point
boundary value problem, singular nonlinear two-point periodic boundary value problem, nonlinear system of boundary
value problems and nonlinear partial differential equations.
The HPM was proposed originally by He [26–36] and was applied to many nonlinear problems [37–45]. This method is
based on the use of the traditional perturbation method and homotopy technique. Using this method, a rapid convergent
series solution can be obtained in most cases.
In terms of HPM, (1.1) can be reduced to a series of linear singular fourth order four-point BVPs. In our previous work,
it is shown that RKM is an effective method for solving linear singular fourth order four-point BVPs. Hence, we introduce a
new reliable method for nonlinear singular fourth order four-point BVPs by the conjunction of HPM and RKM.
The rest of the paper is organized as follows. In the next section, the HPM is introduced. The conjunction of HPM and
RKM are applied to (1.1) in Section 3. The numerical examples are presented in Section 4. Section 5 ends this paper with a
brief conclusion.
2. Analysis of HPM
To illustrate the basic ideas of this method, we consider the following nonlinear differential equation:
A(u)− f (r) = 0, r ∈ Ω, (2.1)
with the boundary conditions of
B(u, ∂u/∂n) = 0, r ∈ Γ , (2.2)
where A is a general differential operator, B a boundary operator, f (r) a known analytical function and Γ is the boundary of
the domainΩ .
Generally speaking, the operator A can be divided into parts which are L and N , where L is linear, but N is nonlinear. (2.1)
can therefore be rewritten as
L(u)+ N(u)− f (r) = 0, r ∈ Ω. (2.3)
By the homotopy technique, we construct a homotopy V (r, p) : Ω × [0, 1] → Rwhich satisfies:
H(V , p) = (1− p)[L(V )− L(u0)] + p[A(V )− f (r)] = 0, p ∈ [0, 1], r ∈ Ω, (2.4)
or
H(V , p) = L(V )− L(u0)+ pL(u0)+ p[N(V )− f (r)] = 0, p ∈ [0, 1], r ∈ Ω, (2.5)
where p ∈ [0, 1] is an embedding parameter, u0 is an initial approximation of (2.1), which satisfies the boundary conditions.
Obviously, from (2.4) or (2.5), one obtains
H(V , 0) = L(V )− L(u0) = 0, (2.6)
H(V , 1) = A(V )− f (r) = 0, (2.7)
the changing process of p from zero to unity is just that of V (r, p) from u0(r) to u(r). In topology, this is called deformation,
and L(V )− L(u0) and A(V )− f (r) are called homotopy.
According to the HMP, we can first use the embedding parameter p as a ‘‘small parameter’’, and assume that the solution
of (2.4) or (2.5) can be written as a power series in p:
V = V0 + pV1 + p2V2 + · · · . (2.8)
Setting p = 1 results in the approximate solution of Eq. (2.1):
u = lim
p→1 V = V0 + V1 + V2 + · · · . (2.9)
The combination of the perturbation method and the homotopy method is called the HPM, which has eliminated the
limitations of traditional perturbation methods. On the other hand, this technique is of full advantage of traditional
perturbation techniques. The series (2.9) is convergent inmost cases. However, the convergent rate depends on the nonlinear
operator A(V ) (the following opinions are suggested by He [34])
(1) The second derivative ofN(V )with respect to V must be small because the parametermay be relatively large, i.e., p → 1.
(2) The norm of L−1(∂N/∂V )must be smaller than one so that the series converges.
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3. Combined HP–RKM for (1.1)
For (1.1), according to the HPM, we construct a homotopy as follows:
a0(x)u′′′′(x)+ a1(x)u′′′(x)+ a2(x)u′′(x)+ a3(x)u′(x)+ a4(x)u(x)− f (x)+ pg(x, u) = 0 (3.1)
where p ∈ [0, 1] is an embedding parameter. In case p = 0, (3.1) becomes a linear equation, which is easy to be solved, and
when p = 1, (3.1) turns out to be the original one, (1.1).
In view of the HPM, we use the homotopy parameter p to expand the solution
u = u0 + pu1 + p2u2 + p3u3 · · · . (3.2)
The approximate solution of (1.1) can be obtained by setting p = 1
u = u0 + u1 + u2 + u3 · · · . (3.3)
Substituting (3.2) into (3.1), and equating coefficients of the identical powers of p yields the following equations:
pi : Lui(x) = fi(x), ui(0) = 0, ui(α) = 0, ui(β) = 0, ui(1) = 0, i = 0, 1, 2, . . .
where Lu(x) = a0(x)u′′′′(x)+ a1(x)u′′′(x)+ a2(x)u′′(x)+ a3(x)u′(x)+ a4(x)u(x), f0(x) = f (x),
fi(x) = − d
i−1g(x, u)
(i− 1)!dpi−1

p=0
(x), i = 1, 2, . . . .
By using RKM presented in [12] for solving linear singular fourth order four-point BVPs, one can obtain ui, i = 0, 1, 2 . . .
ui(x) =
∞−
j=1
j−
k=1
βjkfi(xk)ψ j(x). (3.4)
Therefore, the approximate solution of (1.1) andm-term approximation to this solution are obtained
U(x) =
∞−
k=0
uk(x), Um(x) =
m−1−
k=0
uk(x). (3.5)
Now, the approximate solution Um,n(x) can be obtained by the n-term intercept of the uk(x), k = 0, 1, 2, . . . , and
Um,n(x) =
m−1−
k=0
n−
i=1
Aikψ i(x), (3.6)
where Aik =∑ij=1 βijfk(xj).
4. Numerical examples
In this section, we present and discuss the numerical results by employing the present method for two examples. Results
demonstrate the present method is remarkably effective.
Example 4.1. Consider the following singular fourth order four-point boundary value problemx
4(1− x)u′′′′(x)+ 300e x2 u′′′(x)+ 200 sin√xu′′(x)+ 2u′(x)+ xu3(x) = f (x), 0 ≤ x ≤ 1,
u(0) = 0, u

1
2

= sinh 1
2
, u

1
4

= sinh 1
4
, u(1) = sinh 1,
where f (x) = (2+300ex/2) cosh x+sinh x(−x5+x4+x sinh2 x+200 sin(√x)). The exact solution is given by u(x) = sinh x.
According to (3.4)–(3.6), one can obtain the approximation Um,n(x) of u(x). When we take m = 3, n = 6, 11, 51, and
xi = in , i = 1, 2, . . . , n, the absolute errors |un(x)− u(x)| between the approximate solution and exact solution are given in
Fig. 1.
Example 4.2. Consider the following singular fourth order four-point boundary value problemsin x(e
x − 1)2u′′′′(x)+ e x2 u′′′(x)+ 2 sin√xu′′(x)+ sinh xu′(x)+ x sin u = f (x), 0 ≤ x ≤ 1,
u(0) = 0, u

1
3

= sin 1
3
, u

2
3

= sin 2
3
, u(1) = sin 1,
where f (x) = (−1 + ex)2 sin2 x − 2 sin(√x) sin x − ex/2 cos x + x sin(sin x) + cos x sinh x. The exact solution is given by
u(x) = sin x. According to (3.4)–(3.6), one can obtain the approximationUm,n(x) of u(x).Whenwe takem = 3, n = 6, 11, 51,
and xi = in , i = 1, 2, . . . , n, the absolute errors |un(x) − u(x)| between the approximate solution and exact solution are
given in Fig. 2.
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Fig. 1. Absolute errors |u(x)− U3,6(x)|, |u(x)− U3,11(x)|, |u(x)− U3,51(x)| for Example 4.1.
Fig. 2. Absolute errors |u(x)− U3,6(x)|, |u(x)− U3,11(x)|, |u(x)− U3,51(x)| for Example 4.2.
Remark. For Examples 4.1 and 4.2, it is difficult to solve them directly using the existingmethod such as the decomposition
method and the variational iteration method. However, the present method can solve them successfully.
5. Conclusion
In this paper, the combination of homotopy perturbation and reproducing kernelmethodswas employed successfully for
solving nonlinear singular fourth order four-point boundary value problems. The numerical results show that the present
method is an accurate and reliable analytical technique for nonlinear singular fourth order four-point boundary value
problems.
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